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1. INTRODUCTION 
In his classical paper [2 1 ] Zadeh introduced the fundamental concept of 
fuzzy sets. After that appeared many results about topological structures on 
fuzzy sets: fuzzy topologies [ 1, 3,4, 6, 11-13, 16-201, fuzzy proximities 
[7-91, fuzzy uniformities [5, 11, 141, and, recently, a synthesis of these 
theories-the theory of fuzzy syntopogenous structures [lo]. 
We remark that in most cases the definitions and the results of papers 
mentioned above are valid in any completely distributive lattice. A large 
number of results concerning topological structures in lattices can be found 
in Nobeling’s book [ 151. So, the definition of fuzzy topology, as well as the 
definitions of neighbourhoods, interior, and compactness of [ 1 ] follows from 
[ 15, pp. 42, 44-46, resp. 951, and Theorems 2.2, 2.3, 4.2, and 5.1 follow 
from 7.19, 7.17, 10.3-10.6, and 12.3. Theorems 3.1 and 3.2 of [ 181 are 
consequences of [ 15, Theorems 12.2, 12.111. The definition of product fuzzy 
topology, and Theorem 3.1 of [ 191 correspond to [ 15, p. 13 1, and 
Theorems 17.1, 17.21. The fuzzy variant of the Tychonoff theorem (see 13, 
2.1; 19, Theorem 3.41) follows from [lS, 17.71. The definition of fuzzy 
uniformity (see [5]) is equivalent to the definition from [ 15, p. 1691 (in the 
case of the complemented lattices). For the construction of the topology 
induced by uniformity and the definition of uniform continuity of mappings 
see [15, 19.1; p. 1851. 
* Address any further correspondence to: Matthias Hamburg, Laubestr. 34, 6000 Frankfurt 
am Main, West Germany. 
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The essential different results in fuzzy topology were obtained in the study 
of local properties, and they depend on the existence of fuzzy points [ 201. In 
[ 6, 16, 171 the authors give some characterization of fuzzy topology in terms 
of fuzzy neighbourhoods of points. 
The aim of this paper is to initiate a synthetic theory of topological 
structures on a complete sublattice Y of the lattice of fuzzy sets IX. 
Particularly, for 9 = Ix, we obtain the above-mentioned structures and, for 
$P = {O, l}“, we rediscover the classical theory (see [2]). In this way, the 
connection between the classical case and the fuzzy case is not merely an 
analogy but also an organic connection. 
The fuzzy points are a convenient tool in fuzzy topology. In [20] Wong 
defined that the fuzzy point h belongs to fuzzy set a iff h(x) < a(x) for every 
x E X, in this paper we will change this relation with a very useful 
relation <, which, in the case 9 = (0, 1 }X, is the classical relation E . In a 
complete sublattice .V G I*, the equivalent of fuzzy points is the notion of a 
base for a lattice. We define bases and subbases of a lattice and we give 
some properties and examples in Section 2. ’ 
In Section 3 we define the syntopogenous structures on fuzzy lattices. 
Topologies, proximities, and uniformities are special cases of these 
structures. The advantages of Csaszar’s method (see [2]) are multiple: the 
same language for all structures, the standard passages between these 
structures. So, the proximity derived from uniformity on a fuzzy lattice will 
be its proximal hull (i.e., the coarsest of all proximities, liner than the given 
uniformity); analogously, the topology induced by a proximity is its 
topological hull (i.e., the coarsest of all topologies finer than the given prox- 
imity). Using the bases language, we characterize the perfect, coperfect, and 
biperfect orders associated with a topogenous order (Proposition 3.2 j. 
In Section 4 we examine the topological structures on fuzzy lattices; we 
define the closure, the interior, and the neighbourhoods (the notion of 
neighbourhood used in this paper is different from those of [6, 13, 16, 171). 
We give a characterization of topological structures in terms of 
neighbourhoods of fuzzy points (Theorem 4.5). The neighbourhoods of fuzzy 
points can be used for characterization of closure and interior; so, we give a 
positive answer to problems 3 and 4 of [ 131. 
Section 5 is devoted to a brief presentation of proximities on fuzzy lattices. 
The fuzzy uniformities were defined by Hutton in [5], using the language 
of uniform mapping. We define in Section 6 the uniformities on fuzzy lattices 
in the entourages language. The entourages and the neighbourhoods satisfy 
axioms similar to those of the classical case; add to these a condition of 
below continuity trivially verified in the case 9 = (0, l}*. In the case 
Ip = ZX we prove (Proposition 6.6) that our definition is equivalent to 
Hutton’s definition. 
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2. BASES IN FUZZY LATTICES 
2.1. Let Z be the closed unit interval and X be a set. A fuzzy lattice is a 
complete sublattice .P of IX. Therefore, sup {a, : i E A }, inf { ai : i E A } E 9, 
for every {ai : i E A } c 9. Let 0 be the least element and I be the greatest 
element of 9. If A = 0 (A is the empty set) then sup{a, : i E A } = 0 and 
inf{ui : i E A } = 1. For every a E Z we define a mapping a: X -+ Z letting 
a(x) = a for every x E X (generally, 0 # 0 and 1 # 1). 
A fuzzy lattice 9 is called symmetrical if 1 - a E Y, for every a E 9. If 
Y is a symmetrical fuzzy lattice then 0 = 1 - 1 E i” hence 0 = 0. The 
mapping (-): 9 -+ 9, defined by E = 1 - a, for every a E 9, is a morganian 
operation (i.e., for every a E 9, (a,: yC Z) SY we have ;=a, 
supYsr aY = infyer ti, and infyPray = supycr tiy). 
A subbase of a fuzzy lattice 9 is a set .X G P satisfying the following 
condition : 
(B,) For every a E Y, a = sup {k E .W : k < a). 
A base of P is a pair (X, <) consisting of a set 3 c 9 and a 
relation < G X x 9 satisfying the following conditions: 
(B,) IfaEP then u=sup{kEX:k<a}, 
(B,) If kE.f and {ui:iEA}GY then k<sup(u,:iEA} iff there 
exists i E A such that k < ui. 
If (,W, <) is a base and 0 E .R then (iv,, <,) is also a base, where .X’, = 
.fl - (0) and <, is the restriction of < to ,iv, x Y. In the following we 
suppose that 0 6? R. 
Let (r’, <) be a base; we can easily prove the following properties: 
(i) If k < a then k < a. 
(ii) If k < a there exists k, E .F such that k < k, < u. 
(iii) If k < a < b then k < b. 
One readily sees that if (3, <) is a base then .X is a subbase. 
2.2. Let 2’ be a fuzzy lattice; for every a E Z, x E X define ht = 
inf {a E P : a < u(x)} and let ,P = {h,” : x E X, a E (0, 1 ] }. Consider the 
relation < SOP x Y, where h < a iff there exist x E X, a E (0, 1 ] such that 
h = h,” and a < u(x). We remark that it is possible to have (a, x) # @ y) and 
h: = Zz,“. Observe that for every a < l(x), h,“(x) > a and if a > l(x) then 
h,“(x) = 1 (x). 
THEOREM. For every fuzzy lattice 9, the pair (X, <) is a base. The 
base (3, <) is culled the canonical base of Y’. We say that the elements of 
P are fuzzy points in 9 and if h < a we say that “h belongs to a.” 
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ProoJ: Obviously, ZG 9. (B,) Let a’ = sup{h ER: h < a}. If a’ = 0 
then a’ < a; otherwise, for every h E Z with h <a there exist a E (0, 11, 
xEX such that h =h,” and a <u(x), so that, h =h,“<u. Hence ~‘<a. 
Suppose a’ # a; then there exist x E X and a E (0, l] such that 
u’(x)< a < u(x). Let h = h,“; then h< a, so that h < u’, hence 
u’(x) > h(x) = h,“(x) > a. This is a contradiction. 
(B,) Let u=sup{u,:i~A}; then h<u iff there exist xEX, aE(0, l] 
such that h = h,“, a < u(x) = sup{uj”’ . i E A }. Hence, there exists i E A such 
that a < q(x); therefore h < ui. 
2.3. Let 9 be a fuzzy lattice; its canonical base (Z, <) has the 
following properties: 
(1) ifa’<athenh$‘&h,*,foreveryxEX, 
(2) let h; = p{ su ui: i E A}; if a’ E (0, a) and h,” = h,” then there exists 
i E A with hz = Uiy 
(3) h,” = sup{h,“‘: a’ E (0, a)}, for every x E X, a E (0, 11, 
(4) if h,” = h; and there is a’ E (0, a) with h,” = hYJ,’ then there is 
/I’ E (0,p) such that ht = h;‘, 
(5) let A(x, a) = {a’ E (0, I] : h,” = h,“‘}; then either A(x, a) is a 
singleton or A(x, a) = (aI, a*], where al = inf A(x, a) and a2 = h,“(x). In the 
first case, h:(x) = a, 
(6) let q={h;ESY:IA(x,a)l=l}, &={h~EdY:lA(x,a)l=c}, 
where IA(x, a)[ is the cardinal number of A(x, a) and c is the cardinal 
number of real numbers. Then (q,&) is a partition of 3. 
Proof: Property (1) is obvious. 
(2) Let a’ < a with h:’ = h,“; then a’ < a < h,*(x) = sup (al(x) : i E A}, 
hence a’ < ai for some i E A. If a’ < u,(x) < a then h!J’ < ui, hence 
h,“‘(x) < u,(x) < a < h,“(x); but this is a contradiction. Therefore, a < u,(x), 
so that h,” < ui. Since h,* > ui is obvious, we have hz = a,. 
(3) Let a = sup{h,“‘: a’ E (0, a)}; it follows from (1) that a < h:. But, for 
every a’ < a, u(x) > h,“‘(x) > a’, hence u(x) 2 a. From the definition of h,” it 
follows that h,” < u, hence hz = a. 
(4) Let h;=h; and a’E(O,a) such that hz=hz’. By (3), hz=ht= 
sw#‘:P E (O,P)} and, from (2), there exists p’ E (0,/I) such that 
h,* = h;’ = ht. 
(5) Let a2 = h:(x); then a < a*. If a = a2 then a2 E A(x, a), and if a < a, 
then, for every a’ E (a, a,) we have h,” < h,“’ < h,“, hence h,“’ = hz. By (3) 
h,“Z= sup{n,“‘: a’ < a2} = hz, so a2 E A(x, a). On the other hand, for every 
a’ E A(x, a) hz’ = h,” and a’ < h,“(x) = a2, hence a2 = sup A(x, a). If A(x, a) 
is a singleton, we have h,“(x) = a, because a, a2 E A(x, a). If JA(x, a)1 > 1 
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then there exists a’ E A(x, a) with a’ < (x2. Let 01~ = inf .4(x, a); for every 
a’ E (ai, a2], there exists /3 E A(x, a) such that /I < a’ < a*. Hence, 
ht = hz’ = hF*, so that, a’ E A(x, a). It follows that (ar, a*] GA(x, a). On 
the other hand, for every a’ E A(x, a), a, < a’ < a2. If a’ = a, E A(x, a) 
then h”l = h” = h,“*; because there is an a’ < a2 such that h,“’ = h,“*, from x x 
(4) there exists /I < a, such that ht = hzl= h,“, hence /I E A(x, a). But this is 
a contradiction. Therefore, ai 6S A(x, a), so that A(x, a) = (a,, a,]. 
(6) By virtue of (5) 2 = 5 U&. If h E 6 r?T then there exist a, ,f?, 
x, y such that h = h,” = hc and IA(x, a)1 = 1, lA(y,P)I = c. By (5), there 
exists /3’ < p such that ht’ = ht, and from (4) there exists a’ < a such that 
h,“’ = h,“, hence a’ E A(x, a), so that, IA(x, a)] > 1. Therefore, 8 n& = 0. 
We remark that & or 6 may be empty. 
2.4. The partition of 2.3(6) is very useful in the characterization of <: if 
h EX; then for h < a it is necessary that a < a(x) for a pair (a, x) with 
h=hz. But, if hE& and h=h,” then h<a iff hz(x)<a(x). 
2.5. EXAMPLES. (1) Let A?’ be the canonical base of 9 = Ix. Then h,” is 
a fuzzy point in the sense of [20], i.e., h,” =f,“, wheref,” is a mapping of X 
to Z defined by f,“(y) = 0 if y # x and f,*(x) = a. In this case 4 = 0, 
R = &; and for every h E R there exists only one x E X and a E (0, I] 
such that h,” = h; h,” < a iff a < a(x). 
(2) Let X be the set of all h,* E R from (1) with a E Q (the set of 
rational numbers). If < is the restriction of the previous relation to r x IX, 
then (;i”, <) is a base of Ix. 
(3) Let ip be a fuzzy lattice and let k E ip be an atom; from (B,), for 
every base (X, <) of 9, k E X and k < a iff k Q a. If 9 is a strictly atomic 
lattice (i.e., for every a E g there exists only one family of atoms J such 
that a = sup &), then (X, <) is a base of g, where X is the set of all 
atoms of 9. 
(4) For Y = JX, where J = [0, $1 U ( 1 ), h,* =j!J (see (l)), for every 
a E (0, f] and h,” =$, otherwise. Therefore, A(x, a) = (4, l] iff a > 4, hence 
&={f::aE(O,i],xEX} and&={f::xEX}. In this casef,“<u iff 
a = 1 and u(x) = 1 or a < u(x). 
(5) The canonic base of 9 = (0, 1)” is A? = {f: : x E X}. In this case 
f ,” = f: for every a E (0, 11, so that, A?’ = 4, & = 0, and <coincides with 
< . Therefore f: < fluA iff x E A, hence < is a generalization of E. 
2.6. The fuzzy points (the elements of a base) play the part of usual 
points in the classical theory. The concept of a fuzzy point was introduced 
by Wong (see 2.5(l)). The fuzzy point f ,” belongs to a fuzzy set a iff 
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f,“(Y) < U(Y) f or every y E X (see [20, Definition 3.21). But, with this 
definition [20, Theorems 3.1 and 3.21 are not correct. Indeed, for 
Theorem 3.1, consider a = sup{f:” : x E X}; then f:p E a but f:‘,” &f !/ for 
every x E X (if JX] > 2). For the second, consider t = { g E IX : g(xO) = 0}, 
where x0 E X, then r is a fuzzy topology. In Theorem 3.2, 9 G r is a base 
for r iff for any g E t, h E g, there exists b E 9 such that h E b <g; but for 
St = t and .5$ = {g,}, where g, E r, this condition is satisfied though 9i is 
a base while 9* is not one. From (B,), if E coincides with <, Theorem 3.1 
holds in any fuzzy lattice (particularly, in lx). By the substitution of E with 
< we can also prove Theorem 3.2 (see 4.3). 
2.7. Let Y be a symmetrical fuzzy lattice on X and (X, <) be a base; 
then, for every b E 9 it follows directly from 1 - b = sup { k E X : k < 1 - b) 
thatb=inf{l-k:kEZ,k<l-b}. 
3. SYNTOPOGENOUS STRUCTURES ON FUZZY LATTICES 
3.1. Let Y be a fuzzy lattice; a semi-topogenous order on 9 is a binary 
relation t on 9 which satisfies the following conditions: 
(0,) 0 c 0 and 1 c 1, 
(0,) a c b implies a < b, 
(0,) a,<arb<b, impliesaicb,. 
A topogenous order on 9 is a semi-topogenous order c which satisfies the 
following axioms: 
(0,) a, c b, and a2 c 6, implies a, V a2 c b, V b,. 
(0,) a, rb, and a,cb, implies a, Aa,cb, A b,, where a V b= 
sup(a, b) and a A b = inf(a, b). 
A topogenous order c on Y is called : 
perfect if: (0:) aicbi, iEA implies sup{a,:iEA}csup{b,:iEA}, 
coperfect if: (0;) a, c bi, iEA implies inf{a,: iEA} c inf{bi: iEA}, 
biperfect if: it is perfect and coperfect, 
dense if: (0,) c C_ c 0 c , i.e., for every A a, b E 9 with a c b there 
exists c E Y sup that a c 0 c b. 
If .Y is a symmetrical fuzzy lattice then a topogenous order c on 5P is 
called : 
symmetrical if : (0,) a c b implies 1 - b c 1 - a. 
A dense and perfect topogenous order is called a topological order; a 
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dense and symmetrical topogenous order on a symmetrical fuzzy lattice is 
called a proximity order. 
If C, E c,, i.e., a c, b implies a c, b, then we say that c, is finer than 
c,. The set P(P) of all topogenous orders on 9’ is a complete lattice. 
3.2. For every c E @(ip) there exists a perfect hull 19 (coperfect hull 
!?, biperfect hull c~), namely, a perfect (coperfect, biperfect) topogenous 
order liner than c and coarser than any perfect (coperfect, biperfect) 
topogenous order which is liner than c. Thus, we have: 
a IZ Pb iff there exists {ai : i E A} G 9 such that a = sup{a, : i E A} 
and ui c 6, for every i E A, or equivalently, 
iffa<sup{c:ccb} 
a c db iff there exists {bj:j E B} c 9 such that b = inf{bj:j E B} 
and a c bj, for everyj E B, or equivalently, 
iff inf{d: a cd) < b; and 
a c bb iff there exist {ai: i E A}, {b,:j E B} 5 9 such that 
u=sup{ai:iEA},b=inf{bj:jEB},andu~rbjfor 
every i E A, j E B, or equivalently, 
iffinf{d:ucd}<sup{d:dcb}. 
We omit the proof of the following easily established : 
PROPOSITION. If c is a topogenous order on the fuzzy lattice F and 
(X’, <) is a base of Y, then: a c “b lflfor every k E 27, k < u implies k IZ b. 
If ip is symmetrical then: a c db iff for every k E X, k < 1 - b implies 
ucl-k and uc’b iff for any k,, k,EX, k,<u, k,<l-b implies 
k,cl-k,. 
3.3. If 9 is symmetrical we define cc letting: a c ‘b iff 1 - b c 1 -a. 
Because the intersection of a family of symmetrical topogenous orders is a 
symmetrical topogenous order, for every c E O(P) there exists a 
symmetrical hull I?. The construction of E ’ is analogous with the 
construction from the classical case (see (2, (3.36)]). 
3.4. A syntopogenous structure on the fuzzy lattice 9 is a nonempty 
family 9 G 6(P) having the following properties : 
(S,) for every c,, c, E Y there exists c E ,4”’ such that 
C,uCzGE, 
(S,) for every c E 9 there exists c, E 9 such that c E c, 0 c, . 
A syntopogenous structure Y’ is perfect (symmetrical) if each member of 
9 is perfect (resp. symmetrical). A syntopogenous structure consisting of a 
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single topogenous order is simple; a simple syntopogenous structure is also 
called a topogenous structure. 9 = {c} is a topogenous structure iff c is a 
dense topogenous order. 
Let Yi, YZ be two syntopogenous structures on the fuzzy lattice 9 ; we 
say that YZ is finer than Yi(Sq < YZ) iff for every c, E -14 there exists 
c, E YZ such that c, G t,. If Sq < YZ and YZ < 9, we say that Sq and YZ 
are equivalent. Two simple syntopogenous structures are equivalent iff they 
are identical. 
Let 9 be a syntopogenous structure on 9. We denote by 
YP= {CP:CESP}, spc= {cc: c E ‘Y}, 
.P = {cd: c E Y}, P={lY:EEY}, 
and 
YS= {cS:rEY}. Yp (resp. Yd, Sp*, 9”) 
will be called the perfect hull (resp. coperfect hull, biperfect hull, 
symmetrical hull) of 9. The simple hull of 9 is 9’ = {IX}, where C = 
U{c’: c’ E 9). 
If .-Y is a syntopogenous structure on 9, then the pair (Y, 9) is called a 
fuzzy syntopogenous lattice. If Y is simple and perfect (simple and 
symmetrical, resp. symmetrical and perfect) then (9, 9) is called a fuzzy 
topological lattice Gfuzzy proximity lattice, resp. fuzzy uniform lattice). 
If (9, 9) is a fuzzy proximity lattice then (Y, P’) will be the fuzzy 
topological lattice induced by (9,Y). Analogously, if (9,9) is a fuzzy 
uniform lattice then (9, 9’) will be the fuzzy proximity lattice induced by 
(Y, 9) and (9, Yfp) will be the fuzzy topological lattice induced by 
(9, Y). Observe that, if (9, Y) is a fuzzy syntopogenous lattice, then Yp 
is a topological structure, but Y’ is not a proximity structure. 
In the case 9 = { 0, 1)” we rediscover the syntopogenous classical theory 
(see [2]), and if 9 = IX then we obtain the fuzzy syntopogenous theory (see 
[lOI)* 
4. FUZZY TOPOLOGICAL LATTICES 
4.1. Let 9 be a fuzzy lattice on X, 0 = inf Y, 1 = sup 9, and let F be a 
sublattice of 9 such that 0, 1 E F. Define a binary relation tF on 9 as 
follows: 
a tp b iff there exists g E F such that a < g < b 
(see [lo, Example 3.7.21). Then rg is a topogenous order on 9; a 
topogenous order c on P is called generuble iff there exists a sublattice 
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FGY such that c= cs. A topogenous order c is generable iff the 
following condition is satisfied: 
(G) a E b iff there exists c E 9 such that a c c IT c I= b. 
In this case there exists only one sublattice .E = {g E 9: g c g) g i9 such 
that c=c,=. Therefore, a generable topogenous order is dense. The 
topogenous order c, is perfect iff .<9 is a join-complete sublattice of Y. Let 
Y be a symmetrical fuzzy lattice; then ry is symmetrical iff .% is 
symmetrical. 
4.2. A join-complete sublattice F c 9 is called a topology on Y if 0, 
1 E .Y. In the case Y = I” we rediscover the definition of fuzzy topologies 
(see 111). The proof of the next proposition is analogous with the proof of 
[ 10, Theorem 4.11 and we omit it. 
PROPOSITION. The mapping F -+ cF is a bijection of the set of all 
topologies on Y to the set of all topological orders. The inverse mapping is 
defined by c -+ F7c. 
4.3. Let F be a topology on 9; the interior of a E 9 is defined 
by:d=sup{gEEg+z}=sup{bE9?bc+}. 
If 9 is symmetrical, define the closure of a E 9 by: 
Now let 9 be a base for a topology F on 9 (see [ 16, 201) i.e., 9 c S 
and for every g E F there exists a family 5Yg E 9 such that g = sup 9g ; the 
following proposition is a proper variant of Theorem 3.2. of [20] (see also 
2.6). 
PROPOSITION. Let 27 be a topology on 9 and let (X’, <) be a base of 9’. 
A family 9 E 5? is a base for 59 iff for any g E 3’, k E ,X with k <g there 
exists b E 3 such that k < b <g. 
4.4. Various methods of generating fuzzy topologies through the 
neighbourhood systems of the elements x E X were described in [6, 13, 16, 
17 ]. In the case of a fuzzy lattice, we consider more natural to attach 
neighbourhood systems to fuzzy points. 
Let (9, 9) be a topological fuzzy lattice, 9~ = {II), and let 2 be a 
subbase of 9’. Define a mapping YE of X to <Y(Y) letting : B;(k) = 
{uEY:kcv},foreverykEX’. 
If 55’ is the associate topology to 9 (see Proposition 4.2) then, for every 
k E .R, P,(k) = {v E 9 : there exists g E F such that k < g < v ) = 7 k (k) 
(see Ill). 
403 101 ‘2 I I 
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A neighbourhood mapping relating to a subbase X is a mapping 
Y : Z + 9(Y) which satisfies the following conditions : 
(vJ for every k E X, 7-(k) # 0, 
(vi) for every k E X and v E F(k), k < u, 
(vJ for every vi, V, E Y(k), u, A v2 E F(k), 
(v3) for every u E Y(k), u Q w  implies w  E Y(k), 
(vJ for every u E Y(k) there exists w  E Y(k) such that for every 
k’ E X, k’ < w  implies u E Y(k’), 
(v,) for every i E A, k, ki E Z’, with k = sup { ki : i E A }, u E F(ki) for 
every i E A implies u E Y(k). 
The elements of Y(k) are called neighbourhoods of k. It follows from (vJ 
that w  < u and if u E Y(k), k’ E X, k’ < k then v E F(k’). 
4.5. THEOREM. The mapping F t 7’& is a bijection of the set of all 
topologies on 9 to the set of all neighbourhood mappings relating to the 
same subbase Z. The inverse mapping Y -+ Yr- is defined by FY= 
{ g E 9 : k E X, k Q g implies g E F(k)}. 
Proof. We have to view only the steps of the proof which use axiom (v5). 
If 7:” is a neighbourhood mapping then %?Z- is a topology on 9. Let k < g = 
sup { gi : i E A }, where { gi : i E A } c Yr -; then it follows from (B,) that there 
exist k, E X such that k A gi = sup{kij:j E Ai} for every i E A. From 
k, < gi we obtain gi E F(kij) for every j E Ai, i E A, hence g E P ‘(k,). 
Because k = SUPisA SuPj~ai k,, it follows from (v5) that g E P‘(k); so, 
g E 5?&. To prove 7 = YF7 ., let v E F(k) and denote by { ki : i E A } the set 
of the elements ki E X for which u E F(ki); let g = sup{ki: i E A}. Then 
k < g < u. For every k’ E .X with k’ <g there exist k, EZ such that 
k’ A ki = sup{kij :j E Ai} ; from k, < ki it follows that v E P ‘(k,) for every 
j E Ai, i E A. Since k’ = sup{k’ A ki: i E A}, k’ = suplEa ~up~,,~k~~, hence 
u E F(k’); it follows from (vJ that there exists w  < u such that w  E P ‘(k’) 
and for every k” E 537 with k” < w we have v E Y(k”). Hence for every 
k” < w, k” E {ki : i E A}, so that k” < g. From (B,) it follows that w  < g and 
(vj) implies that g E Y(k’). Hence g E %?$., so that v E 7&?.. 
4.6. We can easily prove the following properties: 
d=sup{kEX’:aET(k)}, 
8=inf{l-k:kEX,l-aEY(k)}, 
where 40 is a symmetrical lattice, X is a subbase of 9 and 7 is a 
neighbourhood mapping relating to 3P”. 
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4.7. In the case 9 = (0, 1)” the neighbourhood mappings relating to the 
canonical base (see 2.5(5)) are usual ones. Because k = sup{ ki : i E A} iff 
ki = k for every i E A, axiom (v5) is trivially verified in this case. 
In the case Y =Ix the neighbourhoods are different of the 
neighbourhoods defined in [6, 16, 171; in these papers, n is a neighbourhood 
of x iff there exists g E Y such that g < n, g(x) > 0, and g(x) = n(x). In our 
meaning, the first conditions are verified but the last one is not. 
5. FUZZY PROXIMITY LATTICES 
5.1. Let Y’ be a symmetrical fuzzy lattice; a proximity on Y’ (for the case 
Y = I* see 171) is a binary relation 6 on Y which satisfies the following 
conditions : 
(FP,) adb implies bJa, 
W’J (a V 6) 6 c implies a 6 c or b 6 c, 
(FP,) a 6 b implies a # 0, 
(EP,) a 6 b implies a < 1 - b, 
(FP,) a 6 b implies that there exists c E 9 such that a 6c and 
1 -c8b. 
Let ;i = (c) be a simple and symmetrical syntopogenous structure on I/‘; 
define a binary relation 6~ on I/’ letting: a & b iff a c 1 - b. 
PROPOSITION. The mapping c --f 6~ is a bijection of the set of all prox- 
imity orders to the set of all proximities on l/j. The inverse mapping is 
deJnedbyJ-+r,, whereuc,bz@u6(1-b). 
The proof of this proposition is similar with [ 10, Theorem 5.1. ]. 
5.2. Let 6 be a proximity on 9 and S‘, = {c,} be the simple and 
symmetrical syntopogenous structure associated to 6 (see 5.1). Then .Y z = 
(ci} is a simple and perfect syntopogenous structure (see 3.4) and 
.‘Ga = .‘S CP is a topology on 9. With these notations, we have g E ,?a iff there 
exists {gf: iEA} such that g=sup(gi: iEA} and gisl -g, for every 
i E A. If (Z, <) is a base of 9 then g E Ya iff for every k E X, k < g 
implies k 6 1 - g. & is called the topology induced on 9 by the proximity 6. 
In the fuzzy topological lattice (9, Ya) the interior and the closure are given 
by 
d=sup{bEY:bbl-a}. 
H=l-sup{b:b&} for every a E 9. 
If X is a subbase of 9 then v E YF8(k) iff k < sup{ b E 9 : b 6 1 - u }. 
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6. FUZZY UNIFORM LATTICES 
6.1. Now let 9 be a symmetrical fuzzy lattice and (Z, <) be its 
canonical base. We say that the set d = {(h, k) E R x 3: h 4 1 - k) is the 
fuzzy diagonal of 9. 
Observe that d is empty iff 9 = {O}. Without loss of generality one can 
assume in the sequel that 9 # (0). 
A set U GR X 2 is called reflexive if it satisfies the following con- 
ditions: 
(1) AG U, 
(2) (h, k) E U iff there exist h’ < h, k’ < k such that (h’, k’) E U. 
For example, A and RX R are reflexive fuzzy relations. If Y’= (0, 1)’ 
then 3 = {fk: x E X} (see 2.5(5)) and A = { (f:,fb): x E X} is equivalent 
with the diagonal of X. In this case a relation U is a reflexive fuzzy relation 
iff A E U, hence iff U is a reflexive relation. 
A fuzzy relation U CR x R is called a symmetrical fuzzy relation if 
U = U- ’ = {(k, h) : (h, k) E U}. 
Let c be a topogenous order on 9; define 
UC = {(h, k) E R x 3’: h 4 1 - k}, by analogy with the classical case 
(see [2, (5.40)]). 
PROPOSITION. The mapping c -+ UE is a bijection of the set of all 
biperfect topogenous orders on 9 to the set of all reflexive fuzzy relations. 
The inverse mapping is defined by U + E,, where a c, b tr for every 
(h, k) E U, h <a implies k k 1 - b. t, is a symmetrical order ifs U is a 
symmetrical fuzzy relation. 
Proof: (1) Let k be a biperfect topogenous order; because h 4 1 - k 
implies h 4 1 - k, we have A G U 1. If (h’, k’) E Ur and h’ < h, k’ < k then 
ht$ 1 -k, hence (h,k)E iYE. Suppose that there exists (h, k) E UC such 
that h’ < h, k’ <k imply that (h’, k’) & 157, or, equivalently, h’ c 1 - k’. 
But h=sup{h’EZ: h’(h) and 1 -k=inf{l -k’: k’E3, k’<k}, so 
that, h c 1 - k, because E is perfect; hence (h, k) @ VI. This is a 
contradiction. Therefore U, is a reflexive fuzzy relation. 
(2) Let U be a reflexive fuzzy relation; we shall show that t, is a 
biperfect topogenous order on 9. (0,) and (0,) are obvious. (0,) If a $ b 
then from a = sup{h E 3: h < a} it follows that there exists h E Z 
such that h < a and h Z& b, hence 1 - b 4 1 - h. Because 1 - b = sup{k E R: 
k < 1 - b}, we have that there exists k EZ such that k < 1 -b and 
k 4 1 - h. Therefore (h, k) E A c U, hence a $, b, (0;). Let a,& b for 
every y E r and a = sup{a,; y E r}. If a I$ ,,b, then there exists (h, k) E U 
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such that h < a and k < 1 - b. From (B,) (see 2.1) it follows that there exists 
y E r such that h < aY, so that, uy 4 vb. Similarly, (0;) follows. 
(3) Let U be a reflexive fuzzy relation; for every (h, k) E U there exists 
(h’,k’)~Usuchthath’<h,k’(k=l-(I-k),hencehctr.l-k,sothat 
(h, k) E UC,,. Conversely, if (h, k) @ U then (h’, k’) E U and h’ < h implies 
k’ 4 k = 1 - (1 - k), hence h III, 1 - k, so that (h, k) G UC,.. It follows that 
U = Ur,., hence the mapping K -+ VI is onto. 
(4) Let now a c 6, (h, k) E U, and h < a. If we suppose that k < 1 - b 
then b < 1 -k hence h c 1 -k; but this is a contradiction. It follows that 
u c,= b. Conversely, from a c,~ b it follows that for any h, k E A? h < a 
and k < 1 - b implies (h, k) & U,, hence h c 1 -k. But u=sup{hE X: 
h < a), b = inf( 1 - k : k E P, k < 1 - 6) and E is a biperfect topogeneous 
order; hence a !Z b. It follows that E = c,~, hence the mapping c -+ UC is 
one-to-one. The last part of the proposition is easily established. 
6.2. Let U, V c<F x CT; define 
CT0 V= ((h,k)EZXR: there exist xEX,a,pE (0, l] such 
that a + /3 < 1 (x) and (h, h,“) E V, (hit, k) E U}. 
Observe that in the case P’ = (0, 1)” U 0 V = ((f~,f~) E X X R’: there 
exists z E X such that (f:,f:) E V and (f: ,fi,) E U}, hence U 0 V = CT 0 V 
is the usual composition of relations. 
LEMMA. of c,, c, are two biperfect topogenous orders on 9 and 
c = c, o c,, then UC = UC, 0 UK,. 
Proof. If (h, k) E UK then h I$ 1 - k; denote by a = sup{ h’ E c;%“: 
h’r, 1 -k}. It follows that h$,u=inf{l -k’: k/E-A?, k’< 1 -a} (see 
2.7), hence there exists k’ < 1 -a such that h 4, 1 - k’ (c, is biperfect). 
From k’ < 1 -a it follows that there exist x E X, a E (0, l] such that 
k’ = h,* and a < l(x) - u(x). From h I$, 1 - h,” is follows that 
(h, h,“) E UC,. If u(x) < /I < 1 (x) - a then a + p < 1 (x). From the definition 
of a it follows that b r1 1 -k so that b < a. But h$g a, hence 
(ht, k) E UC,. Therefore (h, k) E UC, 0 UC,. Conversely, let 
(k k) E UC, 0 UK>. There exist x E X. a, /I E (0, 1 ] such that a + /I < 1 (x) 
and (h, h,“) E UC*, (he, k) E Ur,, hence h &, 1 -h,“, hc I$, 1 -k. If 
h c 1 -k then there exists b E .P such that h II, b !z, 1 -k, hence ht$ b 
and b$ 1 -h,“, so that j3 > b(x) > 1 (x) - a, hence a + p > l(x). This is a 
contradiction. Hence h 4 1 - k, so that (h, k) E Ur. 
6.3. DEFINITION. By a uniform base on the fuzzy lattice 9 we mean a 
set ZV E P”(.P x ,Z’) of symmetrical and reflexive fuzzy relations, which is a 
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filter base and satisfies the following condition: for every U E % there exists 
VE Z! such that VU VC U. 
Let h% be the filter generated by %‘, i.e., h% = {U E 9(X x 3): there 
exists V E Z? such that V c U); we say that h2! is an uniformity on the fuzzy 
lattice 9. 
Let &, , gZ be two uniform bases on Y; we say that &i is finer than Y/z 
(gZ < %i) if hP2 G hPI . %i is equivalent with ?ZZ if hPI = hP2. 
6.4. Let 9’ be symmetrical and perfect syntopogenous structure on 9’; 
denote by ZYY= (17,: rE 9’). 
THEOREM. The mapping 9 -+ gY is a bijection of the set of all 
symmetrical and perfect syntopogenous structures to the set of all uniform 
bases on a fuzzy lattice 9. The inverse mapping is defined by 22 + Y%, 
where PII= {IX,: UE 22’). 
The theorem follows from Proposition 6.1 and from Lemma 6.2, by 
exploiting the fact that U, G U, implies cU, 2 cU2 and c, E !z, implies 
UC, 2 ur,. 
6.5. Let ZY be an uniform base on g and 9$= {c,: U E 22’) be the 
associated symmetrical and perfect syntopogenous structure (see 
Theorem 6.4). Then Y& = {c}, where c = U { t,: U E %}, is the simple and 
symmetrical syntopogenous structure induced by % and 9% = (I?‘} is the 
simple and perfect syntopogenous structure induced by ZY (see 3.4 (S,)). 
From Propositions 4.2 and 5.1 it follows that g%= Y?rp is a topology on .V 
and a,= 6~ is a proximity on 9. We say that Y% and 6, are the topology 
(resp. the proximity) induced by the uniformity hZ! on .Y. By virtue of 5.2 
we observe that .E% is the topology induced by the proximity 6,. 
If U is a reflexive fuzzy relation and a E 9 then denote by U(a) = 
inf { b E 9 : a c, b} ; because r, is coperfect we observe that a c, U(a), so 
that, a c, b iff U(a) < b. Thus, we have : 
(i) a 6, b iff there exists U E % such that U(a) Q 1 - b, 
(ii) gEg.iffg= sup {a E Ip : there exists U E Z! such that U(a) < g}. 
If X is a subbase of 9 then 
v E Yg,(k) iff k < sup{a E 9 : there exists U E Z! such that 
U(a) < v } = v”. 
6.6. Let U be a reflexive fuzzy relation; denote by ,uu, the mapping of 9 
to 9 defined by puU(a) = U(a) (see 6.5). Then ,u = ,u” verifies the following 
conditions : 
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011) P(O) = 0, 
t&) a <,~(a) for every a E 9. 
013) iu(supla,: YE TI) = suPW,): Y E TI, 
for every (u,:yEr}GY. 
A mapping fi of $P to 9 which satisfies conditions (,u~)--(,u~) is called a 
uniform mapping. Denote by ,u, 0 ,u~ the usual composition of the mappings 
pl and ru2. 
PROPOSITION. The mapping U +pv is a bijection of the set of all 
reflexive fuzzy relations on 40 to the set of all uniform mappings. The inverse 
mapping is defined by ,a -+ U,, where U, = {(h, k) E R x SY: p(h) # 1 - k}. 
In addition we have: 
cud Puo v “Pv orllv, 
(,u~) p,-, =p;r, where p-‘(u) = inf{b E 9: ~(1 -b) < 1 -a}. 
Proof. Let (h, k) E U, ; because p(h) = sup{&h’): h’ < h) and 1 - k = 
inf( 1 - k’ : k’ < k) then there exist h’ < k, k’ < k such that ,a(h’) 4 1 - k’, 
hence (h’, k’) E U,,. To see that ,~~,(a) =,~(a) it suffices to show that 
U,,(a) = ,~(a). But, a ~~,~(a) follows from (h, k) E U, and h < a implies 
p(h) 4 1 - k, hence ,~(a) 4 1 - k, so that, k k 1 -,~(a). Therefore 
U,(a) <p(a). Conversely, if ~(a) 4 b then from ,~(a) = sup+(h): h < a} and 
b = inf{ 1 - k: k < 1 - b} it follows that there exists (h, k) E 8%” X 2 such 
that h < a, k < 1 - b and p(h) 4 1 - k, so that, (h, k) E U,. Hence p(a) 4 b 
implies a kU, b and U,(u) = p(a). The equality 17,~ = U follows from the fact 
that (h. k) E U,,O iff h 4, 1 - k. Formula (uJ is equivalent to ((10 V)(u) = 
U(V(u)), for every a E 9. But v(u) c, b iff there exists c E 4” such that 
a c,c Q, b. Hence V(u) c, b iff a (Q, o c,) b and from Lemma 6.2 it 
follows that II~ 0 c, = cUov. Finally, condition (,u~) is satisfied, because 
a I$,;-, b iff 1 - b $a 1 - a. 
6.7. Now let %’ be a uniform base and denote by 3?,= {,u~: U E U). 
The family of uniform mappings 3’ = .9% satisfies the following conditions: 
(F,) For every p,,p2 E .W there exists p E 9 such that p <PI, PI. 
(F,) For every ,U E 9, p - ’ E 9. 
(F,) For every ,U E 3 there exists y E 9 such that y 0 y < ,u. 
A family 3 which satisfies conditions (F,)--(F,) is called a uniform family of 
mappings on the fuzzy lattice 9. From 6.6 one can easily check: 
PROPOSITION. The mapping 22 + 3, is a bijection of the set of all 
uniform buses to the set of all uniform families of mappings on the fuzzy 
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lattice LP. The inverse mapping is defined by 9 -+ 2V9, where P9= 
{U,:/luE.9}. 
6.8. From the remark of 6.1 and 6.2 about the definition and the 
composition of reflexive fuzzy relations it follows that in the case 
9 = (0, lJX we rediscover the usual definition of uniformities. In the case 
Y = Ix, from Proposition 6.6 it follows that our definition for uniformities is 
equivalent with Hutton’s one (see [5]). 
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